Abstract. We show that closed, connected 4-manifolds up to connected sum with copies of the complex projective plane are classified in terms of the fundamental group, the orientation character and an extension class involving the second homotopy group. For fundamental groups that are torsion free or have one end, we reduce this further to a classification in terms of the homotopy 2-type.
Introduction
We give an explicit, algebraic classification of closed 4-manifolds up to connected sum with copies of the complex projective plane CP 2 . After the great success of Thurston's geometrisation of 3-manifolds, the classification of closed 4-manifolds remains one of the most exciting open problems in topology. The exactness of the surgery sequence and the s-cobordism theorem are known for topological 4-manifolds with good fundamental groups, a class of groups that includes all solvable groups [FT95, KQ00] . However, a homeomorphism classification is only known for closed 4-manifolds with trivial [Fre82] , cyclic [FQ90, Kre99, HK88] or Baumslag-Solitar [HKT09] fundamental group.
For smooth 4-manifolds, gauge theory provides obstructions even to once hopedfor foundational results like simply connected surgery and h-cobordism, which hold in all higher dimensions. There is no proposed diffeomorphism classification in sight, indeed even understanding homotopy 4-spheres is beyond us at present. Most of the invariants derived from gauge theory depend on an orientation and do not change under connected sum with CP 2 , but the differences dissolve under connected sum with CP 2 . This suggests considering 4-manifolds up to CP 2 -stable diffeomorphism. That is, we seek to determine whether two 4-manifolds become diffeomorphic after taking connected sum of one or both with arbitrarily many copies of CP 2 or CP 2 .
More precisely, the connected sum of a smooth 4-manifold M with CP 2 depends on a choice of embedding D 4 ֒→ M , where isotopic embeddings yield diffeomorphic connected sums. A complex chart gives a preferred choice of isotopy class of embeddings D 4 ⊂ C 2 ֒→ CP 2 . In this paper we work with connected but unoriented manifolds. If M admits an orientation o, there are two distinct isotopy classes of embeddings D 4 ֒→ M , exactly one of which is orientation preserving. So we obtain two manifolds (M, o)#CP 2 and (M, −o)#CP 2 ∼ = (M, o)#CP 2 that in general are not diffeomorphic. On the other hand if M is not orientable, we can isotope an embedding D 4 ֒→ M around an orientation reversing loop to see that there is a unique connected sum M #CP 2 . A 1-type (π, w) consists of a group π and a homomorphism w : π → /2. A connected manifold M has 1-type (π, w) if there is a map c : M → Bπ such that c * : π 1 (M ) → π 1 (Bπ) = π is an isomorphism and w • c * : π 1 (M ) → /2 gives the first Stiefel-Whitney class w 1 (M ) ∈ H 1 (M ; /2) ∼ = Hom(π 1 (M ), /2). w )/ ± Aut(π).
The map induced on homology by the classifying map c : M → Bπ sends the (twisted) fundamental class [M ] ∈ H 4 (M ; w1(M) ) to H 4 (π; w ). Here the coefficients are twisted using the orientation characters w 1 (M ) and w to give w1 (M) and w respectively. The quotient by Aut(π) takes care of the different choices of identifications c * of the fundamental groups with π, and the sign ± removes dependency on the choice of fundamental class.
In particular, within a 1-type (π, w) such that H 4 (π; w ) = 0, there is a single CP 2 -stable diffeomorphism class. We will give a self-contained proof of Theorem 1.1 in Section 2, that proceeds by simplifying a handle decomposition. The same arguments also imply the corresponding result for topological 4-manifolds, with the additional condition that the Kirby-Siebenmann invariants ks(M i ) ∈ /2 coincide for i = 1, 2. A topological 4-manifold M has a smooth structure to see that all of the results of this article extend from smooth 4-manifolds to topological 4-manifolds with same Kirby-Siebenmann invariants. We therefore focus on the smooth category from now on. The 2-type of a connected manifold M consists of its 1-type (π, w) together with the second homotopy group π 2 (M ) and the k-invariant k(M ) ∈ H 3 (π 1 (M ); π 2 (M )) that classifies the fibration K(π 2 (M ), 2) −→ P 2 (M ) −→ K(π 1 (M ), 1) corresponding to the second stage P 2 (M ) of the Postnikov tower for M . Here π 2 (M ) is thought of as a [π 1 (M )]-module and the third cohomology H 3 (π 1 (M ); π 2 (M )) uses twisted coefficients with respect to this action. One can construct the space P 2 (M ) from M by iteratively adding cells of dimension at least four to kill π i (M ), starting with i = 3. The Postnikov 2-type of any connected space is classified up to homotopy equivalence by the triple (π 1 , π 2 , k); we added the orientation character w 1 (M ) to obtain our notion of the 2-type of a manifold. Our main theorem says that this 2-type (π 1 , w 1 , π 2 , k), considered up to stable isomorphism as discussed below, classifies 4-manifolds up to CP 2 -stable diffeomorphism in many cases.
Theorem A. Let π be a group that is (i) torsion-free; or (ii) infinite with one end; or (iii) finite with H 4 (π; w ) annihilated by 4 or 6.
Then two closed, connected, smooth 4-manifolds with 1-type (π, w) are CP 2 -stably diffeomorphic if and only if their 2-types (π, w, π 2 , k) are stably isomorphic.
for all g ∈ π 1 (M 1 ) and for all x ∈ π 2 (M 1 ) ⊕ Λ r . We also require that (ϕ 1 , ϕ 2 ) preserves k-invariants in the sense that
Observe that, by design, a CP 2 -stable diffeomorphism induces a stable isomorphism of 2-types, so the 'only if' direction of Theorem A holds for all groups.
A consequence of Theorem A is that, under the above assumptions, the stable 2-type of a 4-manifold determines the isometry class of its equivariant intersection form up to stabilisation by standard forms (±1) on Λ. In the simply connected case, this follows from the classification of odd indefinite forms by their rank and signature, since for two given simply connected 4-manifolds, the rank and signatures of their intersection forms can be equalised by CP 2 -stabilisation. For general fundamental groups, the underlying module does not algebraically determine the intersection form up to stabilisation, but Theorem A says that equivariant intersection forms of 4-manifolds with the appropriate fundamental group are controlled in this way.
1.1. Necessity of assumptions. Next we present examples of groups demonstrating that hypotheses of Theorem A are necessary. The details are given in Section 8.1. We consider a class of infinite groups with two ends, namely π = × /p, and orientable 4-manifolds, so w = 0. In this case the 2-type does not determine the CP 2 -stable diffeomorphism classification, as the following example shows.
Example 1.3. Let L p1,q1 and L p2,q2 be two 3-dimensional lens spaces, which are closed, oriented 3-manifolds with cyclic fundamental group /p i and universal covering S 3 . Assume that p i ≥ 2 and 1 ≤ q i < p i . The 4-manifolds M i := S 1 × L pi,qi , i = 1, 2 have π 2 (M i ) = {0}. Whence their 2-types are stably isomorphic if and only if π 1 (L p1,q1 ) ∼ = π 1 (L p2,q2 ), that is if and only if p 1 = p 2 . However, we will show that the 4-manifolds M 1 and M 2 are CP 2 -stably diffeomorphic if and only if L p1,q1 and L p2,q2 are homotopy equivalent.
It is a classical result that there are homotopically inequivalent lens spaces with the same fundamental group. In fact it was shown by J.H.C. Whitehead that L p,q1
and L p,q2 are homotopy equivalent if and only if their É/ -valued linking forms are isometric. See Section 8.1 for more details and precise references.
We do not know an example of a finite group π for which the conclusion of Theorem A does not hold. Thus the following question remains open. Question 1.4. Does the conclusion of Theorem A hold for all finite groups?
1.2. Is the k-invariant required? In Section 7, we will show that while Theorem A applies, the k-invariant is not needed for the CP 2 -stable classification of 4-manifolds M with fundamental group π, where π is also the fundamental group of some closed aspherical 4-manifold. A good example of such a 4-manifold is the 4-torus, with fundamental group π = 4 . More generally a surface bundle over a surface, with neither surface equal to S 2 nor RP 2 , is an aspherical 4-manifold. We know from Theorem 1.1 that the CP 2 -stable equivalence classes are in bijection with AE 0 because H 4 (π;
w ) ∼ = , but it is not obvious how to compute this invariant from a given 4-manifold M .
We will show in Theorem 7.1 that in this case the stable isomorphism type of the Λ-module π 2 (M ) determines the CP 2 -stable diffeomorphism class of M . Assuming moreover that H 1 (π; ) = 0, we will show in Theorem 7.2 that the highest torsion in the abelian group of twisted co-invariants w ⊗ Λ π 2 (M ) detects this stable isomorphism class in almost all cases.
On the other hand, there are many cases where Theorem A applies and the kinvariant is indeed required, as the next example shows. This example also leverages the homotopy classification of lens spaces. Example 1.5. For the following class of 4-manifolds, the k-invariant is required in the CP 2 -stable classification. Let Σ be an aspherical 3-manifold. Consider a lens space L p,q with fundamental group /p and form the 4-manifold M (L p,q , Σ) := S 1 × (L p,q #Σ) with fundamental group π = × ( /p * π 1 (Σ)). We will show in Section 8.2 that these groups have one end and hence our Theorem A applies, so the 2-type determines the CP 2 -stable classification. Similarly to Example 1.3, we will show that two 4-manifolds of the form M (L p,q , Σ) are CP 2 -stably diffeomorphic if and only if the involved lens spaces are homotopy equivalent. However, the Λ-modules π 2 (M (L p,q , Σ)) will be shown to depend only on p. Since there are homotopically inequivalent lens spaces with the same fundamental group, we deduce that the stable isomorphism class of π 2 (M (L p,q , Σ)) is a weaker invariant than the full 2-type (π, 0, π 2 , k).
1.3. Extension classes and the proof of Theorem A. In order to prove Theorem A, we will translate the image of the fundamental class c * [M ] ∈ H 4 (π; w ), completely into algebra. Here, as always, M is a closed, connected, smooth 4-manifold together with a 2-equivalence c : M → Bπ such that c * (w) = w 1 (M ). For this goal, we choose a handle decomposition of M and consider the chain complex (C * , d * ) of left Λ-modules, freely generated by the handles in the universal cover M . Note that by the Hurewicz theorem,
Proposition 1.6. There is a natural isomorphism
Under this isomorphism, c * [M ] maps to the extension
where i, i ′ are the inclusions and p, p ′ are the projections. In particular, c * [M ] = 0 if and only if this extension is trivial, and hence π 2 (M ) is stably isomorphic to the direct sum ker d 2 ⊕ coker d 3 . Proposition 1.6 is a generalisation of [HK88, Proposition 2.4], where the theorem was proven for oriented manifolds with finite fundamental groups. The fact that π 2 (M ) fits into such an extension for general groups was shown by Hambleton in [Ham09] . Our contribution in this direction is to identify the image of the fundamental class in general and show independence of certain choices, best formulated as follows.
For any finite 2-complex K with fundamental group π, there is an isomorphism
Any two choices of K are homotopy equivalent after taking wedge sums with sufficiently many copies of S 2 . In Lemma 5.11 we will check that wedge sum with S 2 does not change the extension group and we prove in Lemma 5.12 that a homotopy equivalence inducing the identity on π determines the identity map on Ext
). It follows that image of the fundamental class of M in this extension group is well-defined in a group that depends only on π. In particular, the extension class does not depend on the chosen handle decomposition of M . We will then deduce the following theorem. Theorem 1.7. Fix a finite 2-complex K with fundamental group π and a homomorphism w : π → /2. Two closed, connected, smooth 4-manifolds M 1 and M 2 with 1-type (π, w) are CP 2 -stably diffeomorphic if and only if the extension classes determining π 2 (M 1 ) and π 2 (M 2 ) coincide in
modulo the action of ± Aut(π).
This result translates the H 4 (π; w ) invariant into algebra for all groups. There is a version of Theorem 1.7 where we do not need to divide out by Aut(π): there is a stable diffeomorphism over π if the extension classes agree (up to sign) for a specific choice of identifications π 1 (M i )
In Section 6 we will derive Theorem A from Theorem 1.7. Since two isomorphic extensions yield stably isomorphic second homotopy groups, we seek a kind of converse by adding the datum of the k-invariant. Given a 1-cocycle f representing an extension class in Ext
, we construct a 3-complex X f by attaching (trivial) 2-and (non-trivial) 3-cells to K. We show that Θ : f → (π, π 2 (X f ), k(X f )) gives a well-defined map from our extension group Ext 1 Λ (H 2 (K; Λ w ), H 2 (K; Λ)) to stable isomorphism classes of 2-types with fixed fundamental group π and orientation character w. Moreover, if f is the extension class coming from a 4-manifold M , then Θ(f ) agrees with the stable 2-type of M . In Theorem 6.4 we then show that the stable 2-type of X f detects our extension class modulo the action of the automorphisms of H 2 (K; Λ w ). That is, Θ induces an injective map on the quotient of the extensions by the automorphisms of H 2 (K; Λ w ).
Finally, in Lemma 6.6 we analyse the action of such automorphisms on the extension group Ext
) and show that under the assumptions of Theorem A, the automorphisms can change the extension class at most by a sign. Since we work with unoriented manifolds, the sign ambiguity is already present, so Theorem A follows.
1.4. Additional remarks. Consider an invariant I of closed, oriented 4-manifolds valued in some commutative monoid, that is multiplicative under connected sum and invertible on CP 2 and CP 2 . For example, the generalised dichromatic invariant of [BB17] , I(M ) ∈ C, is such an invariant. It follows from Theorem 1.1 that every such invariant is determined by the fundamental group π 1 (M ), the image of the fundamental class in H 4 (π; ), its signature σ(M ) and its Euler characteristic χ(M ). More precisely, given a second manifold N with the same fundamental group and c * [N ] = c * [M ] ∈ H 4 (π; ), one has
, where ∆σ := σ(N ) − σ(M ) and ∆χ := χ(N ) − χ(M ). For example, for every manifold N with fundamental group we have
For the generalised dichromatic invariant, the values on CP 2 , CP 2 and S 1 × S 3 are calculated in [BB17, Sections 3.4 and 6.2.1]. Moreover, in the cases that Theorem A holds, any invariant as above is equivalently determined by the 2-type, the signature and the Euler characteristic.
We also note that the proofs of Sections 5 and 6 comprise homological algebra, combined with Poincaré duality to stably identify coker(d 3 ) with H 2 (K; Λ w ), during the passage from Proposition 1.6 to Theorem 1.7. The proofs could therefore be carried out if one only retained the symmetric signature in L 4 (Λ, w) of the 4-manifold [Ran80a, Ran80b] , that is the chain equivalence class of a Λ-module handle chain complex of M together with chain-level Poincaré duality structure.
Organisation of the paper. Section 2 gives a self-contained proof of Kreck's Theorem 1.1. After establishing conventions for homology and cohomology with twisted coefficients in Section 3, we present an extended Hopf sequence in Section 4, and use this to give a short proof of Theorem A in a special case. Section 5 proves Proposition 1.6 and Theorem 1.7 expressing the fourth homology invariant of Theorem 1.1 in terms of an extension class involving π 2 (M ).
Section 6 refines this in terms of the 2-type for certain groups, in order to prove Theorem A.
We then give a further refinement in Section 7: in the special case that π is the fundamental group of some aspherical 4-manifold, the CP 2 -stable classification is determined by the stable isomorphism class of π 2 (M ), and if in addition H 1 (π; ) = 0 then the classification can essentially be read off from w ⊗ Λ π 2 (M ). Finally, Section 8 discusses the examples mentioned in Sections 1.1 and 1.2, showing first that the hypotheses of Theorem A are in general necessary and then showing that for many fundamental groups falling within the purview of Theorem A, knowledge of the stable isomorphism class of π 2 (M ) does not suffice and the kinvariant is required. Let (π, w) be a 1-type, that is a finitely presented group π together with a homomorphism w : π → /2. Let ξ : BSO × Bπ → BO be a fibration that classifies the stable vector bundle obtained as the direct sum of the orientation double cover BSO → BO and the line bundle L : Bπ → BO(1) classified by w. Let Ω 4 (π, w) := Ω 4 (ξ) denote the bordism group of closed 4-manifolds M equipped with a ξ-structure, namely a lift ν : M → BSO × Bπ of the stable normal bundle ν : M → BO along ξ, modulo cobordisms with the analogous structure extending the ξ-structure on the boundary.
Proof. By the Pontryagin-Thom construction, the bordism group Ω 4 (π, w) is isomorphic to π 5 (M SO∧T h(L)), where T h(L) is the Thom space corresponding to the real line bundle L and M SO is the oriented Thom spectrum. Shift perspective to think of π 5 (M SO∧T h(L)) as the generalised reduced homology group
The Atiyah-Hirzebruch spectral sequence gives an exact sequence 
Using this the above short exact sequence translates to
In the orientable case w = 0, the group H 0 (π;
∼ = , while in the nonorientable case w = 0, we have H 0 (π;
w ∼ = /2. In both cases, the image of the inclusion H 0 (π; w ) → Ω 4 (π, w) is generated by [CP 2 ] with trivial map to Bπ. To see that the short exact sequence splits, use that the signature is an additive invariant of oriented bordism, that the Euler characteristic mod 2 is an additive bordism invariant, and that the signature (or the Euler characteristic mod 2) of CP 2 is 1.
That the Euler characteristic mod 2 is indeed a bordism invariant of closed 4-manifolds can be seen as follows. It suffices to show that every 4-manifold that bounds a 5-manifold has even Euler characteristic. By Poincaré duality, a closed 5-manifold has vanishing Euler characteristic. Now let M be the boundary of a 5-manifold W , and consider the Euler characteristic of the closed 5-manifold W ∪ M W .
By surgery below the middle dimension, any bordism class can be represented by (M, ν) where the second component of ν, namely c := p 2 • ν, is a 2-equivalence, inducing an isomorphism c * : π 1 (M ) ∼ = − → π. Note also that the first component of ν is an orientation of the bundle ν(M ) ⊕ c * (L) over M , and hence all the circles required in our surgeries have trivial, hence orientable, normal bundle.
Theorem 2.2. Let (M i , ν i ), for i = 1, 2, be 4-manifolds with the same 1-type (π, w) and assume that the resulting classifying maps c i :
for some r,r, s,s ∈ AE 0 , inducing the isomorphism (c 2 )
−1 * • (c 1 ) * on fundamental groups and preserving the orientations on ν(
Remark 2.3. In the orientable case (w = 0) we have r −r = s −s, since the signatures of M 1 and M 2 coincide. For non-orientable M i (w = 0), as discussed in the introduction the connected sum operation is well-defined without choosing a local orientation, and there is no difference between connected sum with CP 2 and with CP 2 . As a consequence, when w = 0 we can write the conclusion with r = 0 =s. We then must have r ≡ s mod 2, since the mod 2 Euler characteristics of M 1 and M 2 coincide.
Before proving Theorem 2.2, we explain how Theorem 1.1 from the introduction follows from Theorem 2.2.
Proof of Theorem 1.1. Suppose that we are given two closed, connected 4-manifolds M 1 , M 2 and 2-equivalences c i : Proof of Theorem 2.2. Let (W, ν) be a compact 5-dimensional ξ-bordism between the two ξ-manifolds (M 1 , ν 1 ) and (M 2 , ν 2 ). By surgery below the middle dimension on W , we can arrange that p 2 • ν : W → Bπ is a 2-equivalence and hence that both inclusions M i ֒→ W , i = 1, 2, are isomorphisms on fundamental groups. To make sure that the normal bundles to the circles we surger are trivial (so orientable), we use that ν pulls back w to the first Stiefel-Whitney class of W , and that we perform surgery on circles representing elements of π 1 (W ) that become null homotopic in Bπ.
Pick an ordered Morse function on W , together with a gradient-like vector field, and study the resulting handle decomposition: W is built from M 1 ×[0, 1] by attaching k-handles for k = 0, 1, 2, 3, 4, 5, in that order. The resulting upper boundary is M 2 . Since M i and W are connected, we can cancel the 0-and 5-handles. Since the inclusions M i ֒→ W induce epimorphisms on fundamental groups, we can also cancel the 1-and 4-handles. Both these handle cancelling manoeuvres are well-known and used in the first steps of the proof of the s-cobordism theorem e.g. [Wal16, Proposition 5.5.1]. No Whitney moves are required, so this handle cancelling also works in the 5-dimensional cobordism setting. We are left with 2-and 3-handles only.
Next, injectivity of π 1 (M 1 ) → π 1 (W ) shows that the 2-handles are attached trivially to M 1 , noting that homotopy implies isotopy for circles in a 4-manifold. Similarly, the 3-handles are attached trivially to M 2 . As a consequence, the middle level M ⊂ W between the 2-and the 3-handles is diffeomorphic to both the outcome of 1-surgeries on M 1 along trivial circles and the outcome of 1-surgeries on M 2 on trivial circles. A 1-surgery on a trivial circle changes M i by connected sum with an oriented S 2 -bundle over S 2 . There are two such bundles since The conclusions on the fundamental groups and relative orientations follow because these aspects are controlled through the ξ-structure of the bordism.
Remark 2.4. The null bordant class even exhibits interesting behaviour. A standard construction of a 4-manifold with a given fundamental group π and orientation character w takes the boundary of some 5-dimensional manifold thickening N (K) of a 2-complex K with π 1 (K) = π and w 1 (N (K)) = w. This is the same as doubling a suitable 4-dimensional thickening of K along its boundary. By construction W K := ∂N (K) is null-bordant over Bπ for any choice of K. Thus by Theorem 2.2 the CP 2 -stable diffeomorphism class of W K only depends on the 1-type (π, w), and not on the precise choices of K and N (K).
We end this section by outlining Kreck's original argument [Kre99, Thm. C]. Our hypothesis gives a bordism between M 1 and M 2 over the normal 1-type of the 4-manifolds. The normal 1-type is determined by the data (π, w 1 , w 2 ). After adding one copy of CP 2 , the universal covering becomes non-spin and then the fibration ξ : BSO × Bπ → BO is the normal 1-type. By subtraction of copies of S 2 × D 3 tubed to the boundary, a cobordism can be improved to an s-cobordism, after allowing connected sums of the boundary with copies of S 2 × S 2 . Therefore by the stable s-cobordism theorem [Qui83] , the bordism class of a 4-manifold in Ω 4 (ξ) determines the diffeomorphism class up to further stabilisations with S 2 × S 2 . As remarked above, if necessary we may add one more CP 2 to convert all the S 2 × S 2 summands to connected sums of copies of CP 2 and CP 2 .
Conventions
Let π be a group and write Λ := π for the group ring. For a homomorphism w : π → /2, write Λ w for the abelian group Λ considered as a (Λ, Λ)-bimodule, via the usual left action, and with the right action twisted with w, so that for r ∈ Λ and g ∈ π we have r · g = (−1) w(g) rg. Note that Λ and Λ w are isomorphic as left or right modules, but not as bimodules.
Let R be a ring with involution and let N be an (R, Λ)-bimodule. We define another (R, Λ)-bimodule N w := N ⊗ Λ Λ w . This is canonically isomorphic to the same left R-module N with the right Λ action twisted with w. We consider Λ as a ring with involution using the untwisted involution determined by g → g −1 . For a CW-complex X, or a manifold with a handle decomposition, write π := π 1 (X). We always assume that X is connected and comes with a single 0-cell, respectively 0-handle. The cellular or handle chain complex C * ( X) ∼ = C * (X; Λ) consists of left Λ-modules. Here we pick a base point in order to identify C * ( X) with C * (X; Λ).
Define the homology of X with coefficients in N as the left R-module
Define the cohomology of X with coefficients in N as the left R-module
converting the chain complex into a right Λ module using involution on Λ, taking Hom of right Λ-modules, and using the left R-module structure of N for the Rmodule structure of the outcome. Given a chain complex C * over a ring with involution R, consisting of left Rmodules, the cochain complex C * := Hom R (C * , R) consists naturally of right modules. Unless explicitly mentioned otherwise, we always convert such a cochain complex into left modules using the involution on R, that is r · c = cr.
We will consider closed manifolds to always be connected and smooth unless otherwise explicitly mentioned, and typically of dimension four. For an n-dimensional closed manifold M with a handle decomposition, write M ♮ for the dual handle decomposition. The handle chain complex
. That is, the handle chain complex associated to the dual decomposition is equal to the cochain complex of the original decomposition defined using the twisted involution. Let d i : C i (M ; Λ) → C i−1 (M ; Λ) be a differential in the chain complex. For emphasis, we write
to indicate the differentials of the cochain complex obtained using the twisting, which coincide with the differentials of the dual handle decomposition. A popular choice for coefficient module N will be w , the abelian group considered as a ( , Λ)-bimodule via the usual left action, and with the right action of g ∈ π given by multiplication by (−1) w(g) . An n-dimensional closed manifold M , with fundamental group π and orientation character w : π → /2, has a twisted fundamental class [M ] ∈ H n (M ; w ).
Remark 3.1. The reader will recall, or should observe, that the orientation double cover M is canonically oriented. Nevertheless in our context there is still a choice of fundamental class to be made. This arises from the fact that the identification
) requires a choice of base point. The orientation class of M maps to either 1 − T or T − 1 times the sum of the top dimensional handles/cells of M . Evaluating the generator T ∈ /2 to −1 yields a homomorphism
. We see that although the double cover is canonically oriented, the twisted fundamental class obtained by this procedure depends on a choice of base point, so there is a choice required.
Twisted Poincaré duality says that taking the cap product with the fundamental class [M ] ∈ H n (M ; w ) gives rise to an isomorphism
for any r and any coefficient bimodule N . Since N ww ∼ = N , applying this to N w yields the other twisted Poincaré duality isomorphism
An extended Hopf sequence
We present an exact sequence, extending the well-known Hopf sequence, for groups π that satisfy H 1 (π; Λ) = 0. Recall from Section 3 that an orientation character w : π → /2 endows w := ⊗ Λ Λ w with a ( , Λ)-bimodule structure. The w -twisted homology of a space X with π 1 (X) = π is defined as the homology of the chain complex w ⊗ Λ C * ( X). In the upcoming theorem, write π 2 (M )
where we consider π 2 (M ) as a Λ-right module using the involution given by g → g −1 . Then π 2 (M ) w is a ( , Λ)-bimodule, so we can use it as the coefficients in homology as in Section 3. 
Moreover, the maps ∂ only depend on the 2-type (π, w, π 2 (M ), k(M )).
Proof. The Leray-Serre spectral sequence applied to the fibration M → M → Bπ with homology theory H * (−; w ) has second page
Here we consider H q ( M ; ) as a right Λ-module and the fact that M is simply connected means that the w-twisting can be taken outside the homology. The spectral sequence converges to H p+q (M ; w ).
First, H 1 ( M ; ) = 0, and
Thus the q = 1 and q = 3 rows of the E 2 page vanish. Since H 0 ( M ; ) ∼ = , the q = 0 row coincides with the group homology E 2 p,0 = H p (π; w ). We can
by the Hurewicz theorem, and the long exact sequence in homotopy groups associated to the fibration above. Therefore the q = 2 row reads as
Since the q = 1 and q = 3 lines vanish, the d 2 differentials with domains of degree q ≤ 2 vanish, so we can turn to the E 3 page. We have
It is now a standard procedure to obtain the long exact sequence from the spectral sequence, whose highlights we elucidate. On the 2-line, the terms on the E ∞ page yield a short exact sequence
On the 3-line, similar considerations give rise to a short exact sequence 
induced by the 3-equivalence from M to its second Postnikov section P 2 (M ). It induces a map of the spectral sequences, and since the map M → K(π 2 (M ), 2) is an isomorphism on homology in degrees 0, 1 and 2, it follows that the two d 3 differentials in the long exact sequences can be identified. Therefore, they only depend on P 2 (M ), or equivalently, on (
Corollary 4.2. Suppose that H 1 (π; Λ) = 0 and that M is a closed 4-manifold with 1-type (π, w). Then the subgroup generated by c
Proof. The subgroup generated by c * [M ] is precisely the image of c * :
w ). By Theorem 4.1 the image of c * is the same as the kernel of the map
Since the latter only depends on the 2-type of M , so does the image of c * .
In particular, if H 4 (π; w ) is torsion-free and H 1 (π; Λ) = 0, then since the subgroup generated by c * [M ] determines c * [M ] up to sign, Corollary 4.2 implies that the 2-type of M suffices to determine its CP 2 -stable diffeomorphism class. This proves a special case of Theorem A (ii). We will also make use of Corollary 4.2 to deduce Theorem A (iii), but we postpone this discussion until the end of Section 6, so that we can collect the facts needed to prove Theorem A in one place.
Computing fourth homology as an extension
In this section we prove Proposition 1.6 and Theorem 1.7, relating the CP 2 -stable classification to the stable isomorphism class of the second homotopy group as an extension.
Definition 5.1. For any ring R, we say that two R-modules P and Q are stably isomorphic, and write P ∼ =sQ, if there exist non-negative integers p and q such that
Lemma 5.2. Let K 1 , K 2 be finite 2-complexes with 2-equivalences K i → Bπ for
S 2 are homotopy equivalent over Bπ. In particular H 2 (K 1 ; Λ) and H 2 (K 2 ; Λ) are stably isomorphic Λ-modules and so are H 2 (K 1 ; Λ w ) and H 2 (K 2 ; Λ w ).
Proof. After collapsing maximal trees in the 1-skeletons of K i , we can assume that both K i have a unique 0-cell. The lemma follows from the existence of Tietze transformations that relate the resulting presentations of the group π, by realising the sequence of transformations on the presentation by cellular expansions and collapses. See for example [HAM93, (40) ].
Let M be a closed, smooth 4-manifold with a 2-equivalence c : M → Bπ and an element w ∈ H 1 (π; /2) such that c * (w) = w 1 (M ). Consider a handle decomposition of M with a single 0-handle and a single 4-handle. For a finite, connected 2-complex K with fundamental group π, Hambleton showed [Ham09, Theorem 4.2] that π 2 (M ) is stably isomorphic as a Λ-module to an extension E of the form Theorem 5.3. There is a short exact sequence
It is straightforward to check that this square is a pullback as well as a push out. Therefore, we obtain the claimed short exact sequence.
We quickly explain why Theorem 5.3 coincides with [Ham09, Theorem 4.2]. In addition to the Hurewicz isomorphism π 2 (M ) ∼ = H 2 ( M ) ∼ = H 2 (C * ), in that reference coker d 3 is replaced with H 2 (K; Λ w ), and ker d 2 is replaced with H 2 (K; Λ), where K is a finite 2-complex with π 1 (K) = π.
To see why one can make these replacements, first it follows from Lemma 5.2 that ker d 2 = H 2 (M (2) ; Λ) is stably isomorphic to H 2 (K; Λ). Let M ♮ be the manifold M endowed with the dual handle decomposition, and let (C ♮ * , δ * ) be its Λ-module chain complex. Observe that under the canonical identification of
w . We record these observations for later use. 
We will use the following description of the extension group. 
Then there is a natural isomorphism between Ext 1 R (M, N ) and the homology of this sequence at Hom R (P 1 , N ).
As we aim towards the proof of Proposition 1.6 and Theorem 1.7, we need to develop some homological algebra.
is also exact.
We have a commutative diagram:
Dualise, and identify D 0 , D 1 and D 2 with their double duals, to obtain the diagram:
Since The key to the proof of Proposition 1.6 and Theorem 1.7 is the upcoming homological algebra, which is a variant of dimension shifting [Bro82, Chapter III.7] .
Consider an exact sequence Next we define a homomorphism
In the following diagram of abelian groups, for left Λ-modules A, B, we abbreviate Hom Λ (A, B) to (A, B).
Since D p is projective, the rows of the diagram are exact, when the identifications, shown with =, which arise from canonical isomorphisms, are not considered as maps in the diagram. In all the columns, double compositions are zero.
To define 
is exact. It follows that the three columns of the diagram involving terms of the form F * , * are exact, since they arise from tensoring exact sequences with a free module . By commutativity and exactness of the column containing F 1,2 , it lifts to F 2,2 . Send the resulting element to F 2,2 , and repeat the procedure. Two further iterations yield the desired element of D 4 ⊗ Λ . One should also check that the resulting element in homology is independent of the choices of lifts made.
It requires yet another diagram chase to show that this procedure defines an inverse homomorphism to ψ on the level of homology.
Remark 5.9. In the above result, assume that (D * , δ * ) is a projective resolution of over Λ, for example coming from a cell decomposition of Bπ. Then standard dimension shifting [Bro82, Chapter III.7] gives an isomorphism
and we claim that our variation factors this s through the map ψ.
Let A be a right Λ-module and let B be a left Λ-module. The slant map
is a natural homomorphism. If A is finitely generated and projective, then this map is an isomorphism. Compose the map induced by δ 0 :
mod with the inverse of the slant map to obtain the composition
By our assumption that D 0 , D 1 and D 2 are finitely generated and projective, this composition extends to a partial chain map Hom
In the case that D * is a resolution of by Λ-modules, the homomorphism r • ψ coincides with s, as asserted above.
Corollary 5.10. Let (D * , δ * ) be a cellular Λ-chain complex for a CW-complex model for Bπ with finite 2-skeleton, and let (C * , d * ) be the Λ-module chain complex of a finite 2-complex K with π 1 (K) ∼ = π. For any w : π → /2, the map ψ from Lemma 5.8 induces an isomorphism
w be the start of a projective resolution of coker δ 2 w . Then Ext
To see the claim, note that every element of Hom Λ (P 1 , ker d 2 ) that maps to zero in Hom Λ (P 2 , ker d 2 ) already goes to zero in Hom Λ (ker δ 2 w , ker d 2 ). The map P 2 → P 1 factors as P 2 → ker δ
So cycles are identified, and the boundaries coincide since P 1 → P 0 and P By Lemma 5.8, there is an isomorphism
To see that Lemma 5.8 applies, note that P To compare the Ext groups of the last corollary for different models of Bπ, we need the following sequence of lemmas. Let K be a finite 2-complex with one 0-cell and fundamental group π.
Lemma 5.11. For any w : π → /2, we have
and the inclusion K ֒→ K ∨ S 2 induces an isomorphism Lemma 5.12. For any w : π → /2, and for any self-homotopy equivalence f : K → K that induces the identity on the fundamental group π = π 1 (K), the induced endomorphisms Ext(f * , Id) and Ext(Id, f * ) of Ext 1 Λ (H 2 (K; Λ w ), H 2 (K; Λ)) are the identity maps.
Proof. The induced maps Ext(f * , Id) and Ext(Id, f * ) only depend on the homotopy class of f . We will change f up to homotopy until it becomes evident that these maps are the identity. The first step is to make f cellular, which implies that f sends the (single) 0-cell to itself and that f sends the generating 1-cells into combinations of 1-cells. Since f induces the identity on π 1 (K), we can find a homotopy on the 1-skeleton K
(1) from f (1) : K (1) → K to a map that factors through the identity on K
(1) . By homotopy extension, this homotopy can be extended to K so that we arrive at f : K → K that is the identity on K
(1) .
Let C 2 ∂ − → C 1 −→ C 0 be the cellular chain complex of K consisting of right Λ-modules. Then f induces the identity on C 0 and C 1 . Let P be a projective module mapping onto the kernel of the dual map ∂ * w , giving an exact sequence
Let i : ker ∂ → C 2 be the inclusion and consider the diagram
, H 2 (K; Λ)) corresponds to the homology class of an element g ∈ Hom Λ (C 1 w , ker ∂) in the left sequence above; note that H 2 (K; Λ) = ker ∂ and H 2 (K; Λ w ) = coker ∂ * w . In particular,
is the start of a projective resolution for H 2 (K; Λ w ). Since f * is the identity on C 1 w , the map Ext(f * , Id) is the identity map. It remains to investigate the map Ext(Id, f * ). From Lemma 5.6 it follows that the right-hand vertical sequence is exact, and so there exists h ∈ Hom Λ (C 2 w , C 2 ) mapping to i * (g). We have Ext(Id, f * )(g) = [(f 2 )| ker ∂ • g], where f 2 : C 2 → C 2 is the map induced by f . Since
We obtain the following corollary, where the compatibility with the isomorphism from Corollary 5.10 follows from the naturality of the map ψ from Lemma 5.8.
Corollary 5.13. Consider finite 2-complexes K i , i = 1, 2, 3, 4, with 2-equivalences K i → Bπ for each i, and fix a homomorphism w : π → /2. Any stable homotopy equivalences over Bπ as in Lemma 5.2, between K 1 , K 2 and K 3 , K 4 respectively, induce the same isomorphism
This isomorphism is compatible with the isomorphism from Corollary 5.10. Therefore given two 2-complexes K 1 , K 2 as above, complete K 1 to Bπ by adding cells of dimension 3 and higher. In the notation of Corollary 5.10, let D * be the chain complex of this model for Bπ, and let C * be the chain complex of K 2 . We obtain an isomorphism from Corollary 5.10
By Corollary 5.13, Ψ(K 1 , K 2 ) depends only on K 1 and K 2 .
Theorem 5.14. Let M be a closed 4-manifold with a 2-equivalence c : M → Bπ and let (C * , d * ) be the chain complex from a handle decomposition of M . Then the isomorphism
to the equivalence class of the extension from Theorem 5.3:
Here M ♮ denotes the dual handle decomposition of M .
Theorem 5.14 implies Proposition 1.6. Theorem 1.7 also follows because c * [M ] ∈ H 4 (π; w ) determines the CP 2 -stable diffeomorphism type by Theorem 1.1.
Proof. As discussed before (just before Lemma 5.4), we have
Let P be a projective module with an epimorphism onto ker d 3 and consider the diagram
where i, i ′ , p, p ′ are the canonical inclusions or projections and i 1 is inclusion into the first summand. The lower row is the extension we are interested in and the upper row is the start of a projective resolution of coker d 3 . Thus the extension is classified by the homology class of d 3 ∈ Hom(C 3 , ker d 2 ) in the sequence 
It suffices to show that the upper horizontal composition sends
On the one hand, the augmentation
is the image of the fundamental class [M ] ∈ H 4 (M ; w ). On the other hand, the augmentation [ε] also corresponds to [d 3 ] ∈ H 1 (Hom Λ (D * mod ; ker d 2 )) by tracing carefully through the diagram (5.7), as follows. In order to trace through the diagram, we repeatedly use the identifications
Start with the representative
in the lower left of that diagram. Map d 3 to the right, to Hom Λ (D 1 , C 2 ). The image here equals the image of
Map Id C2 to the right to F 2,1 = Hom Λ (C 2 , C 1 ) to obtain d 2 again. Then d 2 lifts to Id C1 ∈ Hom Λ (C 1 , C 1 ) = F 3,1 under the next vertical map. Map to the right again to obtain d 1 ∈ Hom Λ (C 1 , C 0 ) = F 3,0 , which lifts to Id C0 ∈ Hom Λ (C 0 , C 0 ) = F 4,0 . Map to the right one last time to obtain
This proves that [d 3 ] is the image of [ε] under the composition H
, which completes the proof of Theorem 5.14.
Detecting the extension class using the Postnikov 2-type
Let CW * denote the category of based connected CW-complexes and based homotopy classes of maps. The second stage of the Postnikov tower gives a functor P 2 : CW * → CW 2 whose codomain is the full subcategory of based, connected, and 3-coconnected (i.e. homotopy groups π i vanish for i ≥ 3) CW-complexes. As discussed in the introduction, the k-invariant k(X) ∈ H 3 (π 1 (X), π 2 (X)) of X ∈ CW * classifies the fibration
The functor P 2 is full (surjective on morphisms), but it is not faithful (injective on morphisms) since non-homotopic maps can become homotopic over the Postnikov 2-section. The category CW 2 can be described purely algebraically as follows.
Let Post 2 denote the category whose objects are triples (G, A, k), consisting of a group G, a G-module A and an element k ∈ H 3 (G; A).
is a pair (ϕ 1 , ϕ 2 ) consisting of a group homomorphism ϕ 1 : G → G ′ and a map ϕ 2 : A → A ′ which is G-linear with respect to the G-action on
The functor CW 2 → Post 2 given by X → (π 1 (X), π 2 (X), k(X)) turns out to be an equivalence of categories. Precomposing this functor with P 2 we get the algebraic Postnikov 2-type of X which we also denote by P 2 (X). By Whitehead's theorem, a map f : X → Y between connected CW-complexes induces a homotopy equivalence P 2 (f ) : P 2 (X) → P 2 (Y ) if and only if f induces isomorphisms on π 1 and π 2 .
We will now restrict to based connected CW-complexes with fundamental group π and set Λ = [π]. A cellular map induces a map on cellular Λ-module chain complexes. In the sequel we will need the following reverse construction. 
can be realised by a map f : X → Y that induces the identity on π 1 . Moreover, Proof. Start with the identity on X (2) = Y (2) . Note that α 2 − Id has image in ker d
For each 2-cell of X (2) , we want to change its image in Y (2) so that the map α 2 is induced. Wedge a 2-sphere off from every 2-cell of X and map it according to α 2 − Id to Y (2) . This changes the identity to a map f (2) :
realising the above chain map up to degree 2. To extend f (2) to a map between 3-dimensional complexes X and Y , consider a 3-cell e 3 of X. The image of the boundary f (2) (∂e 3 ) lies in π 2 (Y ), which equals H 2 (D * ) by the Hurewicz theorem; note that H 1 (D * ) = 0 because π 1 (Y ) = π. Let x ∈ D 3 be α 3 applied to the generator of C 3 corresponding to e 3 . Then d
We can therefore use x to extend f (2) across e 3 . Do this for all 3-cells of X to obtain a map
/ / 0 whose rows are exact. The last part of the statement follows from the five lemma applied to this diagram together with the observation that ker d
Consider the full subcategory of Post 2 consisting of those objects with fundamental group π. We may view an object as a pair (A, k), omitting π. Call two such pairs (A, k) and (A ′ , k ′ ) stably isomorphic if there exist integers n, n ′ ∈ AE and an isomorphism ϕ :
Write sPost 2 for the set of equivalence classes of objects in Post 2 up to stable isomorphism.
From now on, fix a finite 2-complex K with a 2-equivalence K → Bπ. In this section, we let (C * , d * ) be the cellular Λ-module chain complex of K. Also fix a complex
of Λ-modules that is exact at B 3 , with B 2 and B 3 finitely generated free and P projective. Furthermore, assume that the dual complex B 
as follows. Start with the 2-complex K, take the wedge sum with (rank(B 2 )) copies of S 2 , and then attach (rank(B 3 )) 3-cells via attaching maps determined (up to homotopy) by the map (f, b 3 ) T .
Lemma 6.2. Suppose that two maps f, g : B 3 → ker d 2 represent the same extension class in Ext
Proof. Two maps f, g : B 3 → ker d 2 represent the same extension class if and only if f − g factors through b 3 : B 3 → B 2 . So let us assume that
The following chain isomorphism
gives rise to a map X f → X g by Lemma 6.1. The inverse chain isomorphism gives rise to a map X g → X f . The double compositions induce the identity on π 1 and π 2 . By the Whitehead theorem they therefore induce a homotopy equivalence on the Postnikov 2-types, that is 3-coconnected spaces obtained from X f and X g by attaching cells of dimension 4 and higher. We therefore have an isomorphism
We thus obtain a well-defined map as follows:
Our next aim is to investigate the injectivity properties of this map, namely the extent to which the stable pair [π 2 (X f ), k(X f )] determines the extension. The inclusion coker b 3 → coker b 3 ⊕ Λ induces an isomorphism (cf. Lemma 5.11)
, and hence any automorphism of coker b 3 ⊕ Λ n acts on Ext
n be a stable automorphism of coker b 3 . This can be lifted to a chain map
since the top row is projective and the bottom row is exact. The action of α on an extension represented by f : B 3 → ker d 2 is given by precomposition with α 3 : B 3 → B 3 . We have the following chain map:
By Lemma 6.1, this chain map can be realised by a map X f •α3 → X f . It remains to prove that the chain map above induces an isomorphism on second homology, and therefore induces a stable isomorphism π 2 (X f •α3 )
To see surjectivity, consider a pair (x, y, λ) ∈ C 2 ⊕ B 2 ⊕ Λ n with x ∈ ker d 2 . Since α is an isomorphism, there exists (y ′ , λ ′ ) ∈ B 2 ⊕ Λ n and a ∈ B 3 with (y,
which is the image of (x − f (a), y ′ , λ ′ ) under the above chain map. Now, to prove injectivity, consider a pair (x, y, λ) ∈ C 2 ⊕B 2 ⊕Λ n with x ∈ ker d 2 , and assume that there exists a ∈ B 3 with f (a) = x and (b 3 (a), 0) = α 2 (y, λ). Again since α is an isomorphism, this implies that λ = 0 and that there exists a ′ ∈ B 3 with b 3 (a ′ ) = y. We have
, 0) and the element (x, y, 0) is trivial in second homology as desired.
Thus, as discussed above, α induces a stable isomorphism
Let sAut(coker b 3 ) denote the group of stable automorphisms of coker b 3 as above. We can now state the main theorem of this section.
Theorem 6.4. The assignment Θ descends to an injective map
Proof. Let f, g : B 3 → ker d 2 represent two extensions, and suppose that their images in sPost 2 are stably isomorphic. A stable isomorphism between π 2 (X f ) and π 2 (X g ) that respects the k-invariants induces a homotopy equivalence of Postnikov 2-types. Restrict the homotopy equivalence to the 3-skeleta, to obtain a chain map
that induces an isomorphism on second homology. We can assume that the chain map is the identity on C 1 and C 0 since it arises from a map of CW-complexes over π.
Since h 2 induces an isomorphism on second homology, the map coker(f,
T induced by h 2 is an isomorphism by Lemma 6.1. Use the facts that the composition P → B 3 f − → C 2 is trivial and the sequence B 2 → B 3 → P * is exact, to see that the dual of f lifts to a map C 2 → B 2 , as in the diagram.
Dualise again to deduce that f :
This gives rise to a commutative square
Add the identity on Λ n to obtain an isomorphism
Similarly, we obtain an isomorphism C 2 ⊕coker b 3 ⊕Λ n ∼ = coker(g, b 3 , 0) T . Compose the first isomorphism with the map coker(f,
T induced by h 2 , followed by the inverse of the second isomorphism to obtain a stable automorphism of coker b 3 from h 2 . Note that the action of this stable automorphism on Ext
is given by precomposition with h 3 . To recap, we started with the chain map h * arising from the assumption of two extensions having equal image in sPost 2 , and we obtained an automorphism of coker b 3 , that acts on a representative map
by precomposition with h 3 . To complete the proof, we therefore have to show that g • h 3 and f represent the same class in Ext
Recall the definition of f : B 2 → C 2 from above, and consider the composition
Now consider the diagram
Commutativity of the three squares involving the top and middle rows shows that g • h 3 = F • b 3 . Commutativity of the lower two squares precomposed with ( f , Id, 0)
Thus g • h 3 − f : B 3 → ker d 2 factors through B 2 and hence represents the trivial extension class.
Proposition 6.5. Let M be a 4-manifold with 1-type (π, w) and chain complex (C * = C * (M ; Λ), d * ). The composition
Proof. We first claim that Θ is compatible with any map on the extension groups induced by a stable homotopy equivalence K → K ′ . Consider the stabilisation
The construction of X f yields that X (f,0) = X f ∨ S 2 and hence Θ(f, 0) = Θ(f ). Furthermore, any homotopy equivalence ϕ : K ≃ K ′ over π induces a chain equivalence ϕ * : C * → C ′ * , where (C ′ * , d ′ * ) is the cellular Λ-module chain complex of K ′ . This yields a chain equivalence
Thus Θ(f ) = Θ(ϕ 2 •f ) by Lemma 6.1. This explains the claim that Θ is compatible with any map on the extension groups induced by a stable homotopy equivalence Consider Θ applied to the extension class of π 2 (M ) in Ext
. Since this extension class is represented by the homomorphism d 3 : C 3 → C 2 , we consider the 3-dimensional CW-complex X with cellular chain complex
The 2-type (π 2 (X), k(X)) gives the image of c * [M ] under the composition in the statement of the proposition. We need to see that this 2-type is stably isomorphic to (π 2 (M ), k(M )).
Use the isomorphism
Id 0 − Id Id : C 2 ⊕C 2 → C 2 ⊕C 2 to see that the previously displayed chain complex is chain isomorphic to the chain complex of
3 ) with 0). This is a CW-complex whose 2-type is given by (
Now, to apply this result to the CP 2 -stable classification of 4-manifolds, we need to investigate the action of sAut(coker d 3 ) on the extension classes for some families of 1-types. As in Proposition 6.5, we let (C * , d * ) be the Λ-module chain complex of a 4-manifold M with 1-type (π, w). If in some cases we can show that the action of the automorphisms of coker d 3 is contained in the action of the automorphisms of π, and the action by −1 from the orientation choice, then we will have shown that the stable 2-type [π 2 (M ), k(M )] detects the CP 2 -stable classification within the 1-type. Proof. In this proof we replace coker d 3 with coker d 2 w , which we may do by Lemma 5.4. Since H 1 (π; Λ) = 0, and π is infinite so H 0 (π; Λ) = 0, the sequence
is exact. Thus every stable automorphism α of coker d 2 w lifts to a chain map α * as follows.
The action of α on Ext Dualise α * and twist with w again to obtain the following diagram, where the maps α i are the maps dual to α i .
x x r r r r r r r r r r r r
x x r r r r r r r r r r r
Since α 0 induces multiplication by plus or minus one on coker d 1 , α 0 ± Id : C 0 → C 0 factors through d 1 . That is, there exists a homomorphism G 0 :
. Take duals and twist by w one last time to obtain α 1 ± Id = d
. Hence α acts by multiplication by ±1 on Ext If π is torsion-free, then by Stalling's theorem [Sta68, Theorems 4.11 and 5.1], π has more than one end if and only if π ∼ = or π is a free product of two non-trivial groups. For π = , H 4 (π; w ) = 0, hence every pair of 4-manifolds is with a fixed 1-type is CP 2 -stably diffeomorphic. Hence the conclusion of Theorem A holds for π = for trivial reasons.
For
, where w i denotes the restriction of w to G i , i = 1, 2. Hence CP 2 -stably any 4-manifold with fundamental group π is the connected sum of manifolds with fundamental group G 1 and G 2 . Therefore, Theorem A (i) follows in this case by induction, with base cases π = or the groups with one end of (ii).
If π is finite then H 1 (π; Λ) = 0 by [Geo08, Proposition 13.3.1]. If multiplication by 4 or 6 annihilates H 4 (π; w ), then the subgroup generated by c * [M ] is cyclic of order 2, 3, 4 or 6. In each case it has a unique generator up to sign and hence it determines c * [M ] up to a sign. As a consequence, Theorem A (iii) follows from Corollary 4.2, which shows that the subgroup generated by c * [M ] is determined by the 2-type of M .
Fundamental groups of aspherical 4-manifolds
In this section, we fix a closed, connected, aspherical 4-manifold X with orientation character w and fundamental group π. We can identify Theorem 7.1. Let M be a 4-manifold with 1-type (π, w) and classifying map c :
Thus two 4-manifolds M 1 and M 2 with fundamental group π and orientation character w are CP 2 -stably diffeomorphic if and only if they have stably isomorphic second homotopy groups
Proof. For the proof, we fix twisted orientations on M and X. In particular this determines an identification H 4 (X; w ) = . Since c : M → X induces an isomorphism on fundamental groups, the map c * :
) is an isomorphism. Consider the following commutative square. Except for the statement that c * [M ] corresponds to the highest torsion in w ⊗ Λ π 2 (M ), the above theorem can be proven more easily using the exact sequence from Theorem 4.1. But since we believe that this statement is worth knowing, we take a different approach and start with some lemmas. For the lemmas we do not yet need the assumption that H 1 (π; ) = H 1 (X; ) = 0; we will point out in the proof of Theorem 7.2 where this hypothesis appears. Choose a handle decomposition of X with a single 4-handle and a single 0-handle and let (C * , d * ) denote the Λ-module chain complex of X associated to this handle decomposition.
Proof. By Proposition 1.6 the extension 0 → ker
w ), where c : X → Bπ is the map classifying the fundamental group. Since in this case X is a model for Bπ, we can take c = Id X with [X] a generator of H 4 (X; w ).
Lemma 7.4. Using the generator from Lemma 7.3, the extension corresponding to m ∈ is given by
where p 1 is the projection onto the first summand.
Note that m = 0 gives the direct sum
Proof. In the case m = 1, the group (
, where this isomorphism is induced by the isomorphism C 2 ⊕ ker d 2 → C 2 ⊕ ker d 2 given by (c, a) → (c − i(a), a). Under this isomorphism the extension from the lemma is mapped to the extension from Lemma 7.3. Hence it suffices to show that the Baer sum of two extension for m, m ′ as in the lemma is isomorphic to the given extension for m + m ′ . Let L be the submodule of C 2 ⊕ker d 2 ⊕C 2 ⊕ker d 2 consisting of all (c 1 , a 1 , c 2 , a 2 ) with p(c 1 ) = p(c 2 ), let L ′ be the submodule 
defines an isomorphism, and the subset L ′ is mapped to
Hence f induces an isomorphism
This defines an isomorphism from the Baer sum to the extension for m + m ′ from the statement of the lemma.
Lemma 7.5. Let 0 → ker d 2 → E m → coker d 3 → 0 be the extension for m ∈ from Lemma 7.4. Then
Proof. Note that Id w ⊗d 4 = 0, since X has orientation character w and thus
By right exactness of the tensor product, it follows that
The lemma now follows from right exactness of the tensor product.
Proof of Theorem 7.2. Let E m be as in Lemma 7.5. By Proposition 1.6, π 2 (M ) is stably isomorphic to E m as a Λ-module if c * [M ] = ±m. All of the conditions appearing in Theorem 7.2 are invariant under adding a free Λ-summand to π 2 (M ). Since for any extension and its negative, the middle groups are isomorphic, we have E m ∼ = E −m . Hence we can only obtain a distinction up to sign. The boundary map Id w ⊗d 4 : w ⊗ Λ C 4 → w ⊗ Λ C 3 vanishes since H 4 (X; w ) ∼ = and X has a unique 4-handle. Hence H 3 (X; w ) ∼ = ker(Id w ⊗d 3 ). By Poincaré duality
would be a projective Λ-module resolution for , which cannot be chain equivalent to the Λ-module chain complex of a closed aspherical 4-manifold with fundamental group π. Therefore, E 0 is not projective.
Remark 7.7. Note that the assumption that H 1 (X; ) ∼ = H 1 (π; ) = 0 is equivalent to the abelianisation π ab being infinite, since H 1 (π; ) = Hom (π ab , ) and π ab is finitely generated. This assumption is crucial; without it there exist m > m ′ ≥ 0 with 
Examples demonstrating necessity of hypotheses and data
In the preceding sections we saw that for large classes of finitely presented groups, such as infinite groups π with H 1 (π; Λ) = 0, the quadruple (π 1 , w, π 2 , k) detects the CP 2 -stable diffeomorphism type. Moreover for fundamental groups of aspherical 4-manifolds even (π 1 , w, π 2 ) suffices. In this section we give examples where the data (π 1 , w, π 2 , k) does not suffice to detect the CP 2 -stable diffeomorphism classification, showing that the hypothesis H 1 (π; Λ) = 0 is required. We also provide examples where the data is sufficient to detect the classification, but the k-invariant is relevant, so all of the data is necessary.
8.1. The 2-type does not suffice in general. In this section, as promised in Section 1.1, we give examples of orientable manifolds that are not CP 2 -stably diffeomorphic, but with isomorphic 2-types.
It will be helpful to recall the construction of 3-dimensional lens spaces L p,q . Start with the unit sphere in C 2 and let ξ be a pth root of unity. On the unit sphere, /p acts freely by (z 1 , z 2 ) → (ξz 1 , ξ q z 2 ) for 0 < q < p such that p, q are coprime. The quotient of S 3 ⊂ C 2 by this action is L p,q . Now fix an integer p ≥ 2, let π := /p × and consider the 4-manifolds
Postnikov 2-type is trivial for all p, q, and the number q cannot possibly be read off from the 2-type. Nevertheless, we will show below that for most choices of p, there are q, q ′ for which the resulting manifolds N p,q and N p,q ′ are not CP 2 -stably diffeomorphic. The smallest pair is N 5,1 and N 5,2 , corresponding to the simplest homotopically inequivalent lens spaces L 5,1 and L 5,2 with isomorphism fundamental groups. In general, compute using the equivalence of (i) and (iv) of Proposition 8.2 below.
Although π is infinite, by the following lemma the group π has two ends, so these examples are consistent with our earlier investigations.
Lemma 8.1. We have that H 1 (π; Λ) ∼ = .
Proof. We compute using the fact that the manifold can be made into a model for Bπ by adding cells of dimension 3 and higher, which do not alter the first cohomology. For q and q ′ , the associated forms are isometric up to a sign if and only if (iv) is satisfied. Thus (iv) and (vi) are equivalent.
8.2. The k-invariant is required in general. In this section we give examples where the CP 2 -stable classification is determined by the 2-type, but in contrast to the case that π is the fundamental group of some aspherical 4-manifold, here the stable isomorphism class of the second homotopy group is not sufficient to determine the classification. As with the examples in the previous section, these examples can be compared with [Tei92, Conjecture A], although we remark that this conjecture was only made for finite groups.
Let X be a closed, oriented, aspherical 3-manifold with fundamental group G. Let p ≥ 2, let 1 ≤ q < p, and let X p,q := L p,q #X and M p,q := X p,q × S 1 . Then M p,q is a 4-manifold with fundamental group π := ( /p * G) × .
Lemma 8.3. The group π is infinite and has H 1 (π; Λ) = 0. In particular, the pair (π 2 , k) suffices for the CP 2 -stable classification over π of oriented manifolds.
Proof. Certainly π = ( /p * G) × is infinite. Since π 1 (X) = G is nontrivial, π 1 (X p,q ) = /p * G is infinite, and hence X p,q is a noncompact 3-manifold, so H 3 ( X p,q ; ) = 0. Since π 1 (M p,q ) = π, we see that H 1 (π; Λ) = H 1 (M p,q ; Λ) ∼ = H 3 (M p,q ; Λ) ∼ = H 3 ( X p,q × Ê; ) ∼ = H 3 ( X p,q ; ) = 0.
The second sentence of the lemma then follows from Theorem A (ii).
Lemma 8.4. The second homotopy group π 2 (X p,q ) is independent of q. 
In the case that G i is finite, the boundary map is given by
where N : 1 → g∈Gi g sends the generator of to the norm element of [G i ]. Thus − − → R is an isomorphism, where pr 2 is the projection to the R summand. It follows that
This R-module depends only on the groups G 1 and G 2 , as desired.
Proposition 8.5. For π = ( /p * G) × as above, the stable isomorphism class of the pair (π 2 , k) detects the CP 2 -stable diffeomorphism type of orientable manifolds with fundamental group isomorphic to π, but the stable isomorphism class of the second homotopy group alone does not. That is, there exists a pair of manifolds M, M ′ with this fundamental group such that π 2 (M ) and π 2 (M ′ ) are stably isomorphic but M and M ′ are not CP 2 -stably diffeomorphic.
Proof. Let t : /p * G → /p be the projection. Then under the induced map t * : Ω 3 ( /p * G) → Ω 3 ( /p) the manifold X p,q becomes bordant to L p,q , because π 1 (X) = G maps trivially to /p under t. Cross this bordism with S 1 to see that M p,q = X p,q × S 1 is bordant over /p × to L p,q × S 1 .
If the manifolds M p,q and M p,q ′ are CP 2 -stably diffeomorphic, they are bordant over π, for some choice of identification of the fundamental groups with π, because both M p,q and M p,q ′ have signature zero. Therefore the two 4-manifolds are bordant over /p × ,. Combine this with the previous paragraph to see that L p,q × S 1 is bordant to L p,q ′ × S 1 over /p × . As we have seen in Section 8.1, this implies that q = ±r 2 q ′ mod p for some r ∈ AE by Proposition 8.2. But there are choices of p, q and q ′ such that this does not hold, so there are pairs of manifolds in the family {M p,q } with the same p that are not CP 2 -stably diffeomorphic to one another. On the other hand, we have π 2 (M p,q ) = π 2 (X p,q ×S 1 ) = π 2 (X p,q ). By Lemma 8.4, π 2 (X p,q ) is independent of q. Hence π 2 (M p,q ) ∼ = π 2 (M p,q ′ ) as Λ-modules for any q, q ′ coprime to p with 1 ≤ q, q ′ < p. We remark that by Lemma 8.3, we know that Theorem A applies, and so the k-invariants must differ for q and q ′ such that L p,q and L p,q ′ fail to be homotopy equivalent to one another.
